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Abstract: Objectives: Voronoi diagram is a fundamental structure in geo—computing, but it still encounters
the problem of exactness and the challenge of an exact algorithm comparable to planar Voronoi diagrams in
the topographic space. Methods: The geodesic distance field of computational geometry is introduced into
the triangulated irregular network in the discrete topographic surface. The hyperbolic curves representing
the bisector are gradually grown from the singularity of the distance field on the edge of the grid. The pre-

cise division of the discrete surface is obtained by the arrangement of the hyperbolic curves, and the exact
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geodesic Voronoi diagram (GVD) is obtained by clustering the divided patches. Then, the exact Voronoi

diagrams are tested quantitatively and qualitatively. Results and Conclusions: It is found that the exact

GVD can bring a basic improvement for the spatial analysis of topographic surface. The direct algorithm

based on singular growth and hyperbolic arrangement is intuitive and easy to implement, which avoids the

excessive subdivision and preprocessing of grid patches by the existing algorithms, and provides a useful ex-

ploration for the development of Voronoi diagram analysis in digital topographic analysis.

Key words: topographic space; geodesic distance field; geodesic Voronoi diagram; singular growth; hy-

perbolic arrangement

Voronoi Kl & i 2= 115 5 25 [a] 73 B 1) — 4> 2
AR Gl Ry e S 1 2 TR) R BR 18 R Voronoi
P 7E 15 i 4R i o R AL R S ] P AL S AR 2
Oy 1) b A SR T SR TE AN B
OU) i JE it 1T L, E T D R B A i R
=% [n) S B K L Vooronoi B it = 7 25 Y FE Al
S e b 2 T T R IR B 0 AR s EOM A 2R
5 15 58 3 3 b I i T A He Vooronoi Bl (geodesic
Voronoi diagram, GVD) """ o BR #2531 8L B
— A LU 15 22 J2 F- 3 46 9 Voronoi B0 Fl 45 /1N 1Y
F TR A% Voronoi BB A #8145 4R 30 5, 255
M) 41, DA A ASE AR 1) 20030 8 LA UL 8l

25 1) i b A R R ) R G| T R AT
P2 S I3 1 T N BN S N N
g3 Ry PR B B 53 JUART 5 s FORS i B S5 LA Oy
T RS A A TUART 1 5 v DN B ke
S AE GBI B G W oKL, R T HA — B T
R R oS 40l /2 B R BER S TS U i 7 ik
P2k A A — 5 a5 L6 — 5 1) HL 25 [a) 3% 25 9 00 b 2k
B2 ER TG O R O R S M
A I A JLART 56 2 45 BI0RE B4 00 T 1 B 25 37 (geo-
desic distance field, GDF)"' g I, 7] LUK 4
GDF ¥ 4% ™ F BT — 2 V3 98 21 R 25 A i 1) — 4>
P55, B GDF 4 0 Hb Voronoi B . {H /&, 7 A
(] 958 A 0 b £ A 38 7 B AT A b R JL AT Y
GDF & A $2& (X 1 Fr (7 3 4800 43 (OF 43 43
JEXUM 454 ) 1 H 5L Y GDE RLZE Pk i T L
il 1m0 ke 1 T Ak — 2R 4 R, G VD
(300 T A A5 S BT R AT 8 Beet A6 H bm il Jr v

SCHR[19-20 ] X B S IE (%) Voronoi Bl #E 4T
TR BT L AR B B BRI R By BAR TR R
T 280 a3 n IR (o R TH D L 0E P LS
T HARE R BRI 2R s ry AR . SCER[12 )58
=ML 2- 8 R AL 4 GVD 98
W PRI LA B HESE I, 38 i 105 Al 434 B AR
R 2285 3R, 45— 2% 700 b B B8
W GVD R E L A AT B XA

i) B =X o ™ R e RS R A S LA A Y
RIS TR IS, 3 R e T b B e S AE 4R Y
A AR W R A, 3 B AR ME Bl K ) 4R U
Bt = Voronoi B .0 1Y 25 8] 3] 73 K U £k 3 H
A 1 TR A Bk 2%, Tk SIS PR b A AT DU G AR R AR
F RSN (511 B 5 Y TR A Il s o 7 S T = W DA

ST AR AR Y — A gl A B Ay T Ak B
M GVD BBk, EEAMHLIT 307w T A
(1) 76 B B b 8 i m b 5l A 3 58 LAl (9 8 o
GDF; A KRS Z W r R il a5, 58
RS AR R RS 5 0 43 (2) 76 B A T R R 43
B L AR D RE - - R EMGVD |
FE 5 (3) L Voronoi 57T 1Y T AR 48 3+ AL A6 A4
AN = ff W (triangulated irregular network,
TIN) Ay ], A St i PR PR T 6 b T b B oRG
Voronoi K ¥ JE B AR R o

1 GDFHIF R

95— B OB IE i MR M E R R AR
Se XM= (V,E,F)h—BEL LR =/MKM,
V. E.F 5l h T s 4 G i 4R 58 LSRR
FETEM F Y s 8 BIR SUR —EETIUSR I

XFF M AT — 55 p, 0 1 e S5 5k — A
B D (p) , BRIl p 55 HE — 5 5 s€S Z 8] 1Y fi
FiMEES . GDF LU G 0 S HE I AN 1T Bl 9 3 5
T[] Ao 35 B ML ) B S M 2 3 A 1) 23 TR AR 222

LI MMP (Mitchell, Mount, and Papadimitriou)
SN AR R TS LA 7 1 AR — A
AR MR WML IR FREL &
o B AR, 0 SR AR SR T R 9 B X Ak R T #
[F) — - T, UJ 00 i 2 A s B ) A, TS —
2,k TR — U5 B4 I M 2 i i 23 T8 B IR 9ICHR: 9
P TR B AR B B T e A Y IR R

e S HOE T R — AR IR A R AE L
iy BRI 2 B HE TOUA | 8 B I 1Y S [R] RS E
[vi) fof Ji& I 3 [6] — -1 b o AU B 7, 28 B s



%48 5 5 Y

BB pF A5 - B HO Y il L RS A Voronoi ] B 4% A ARV 801

(1 00 b £ 7 T 3 T BN R A AN T L D
TEIX 7 DX, 5 28 LA i o T B4 5 v kA%
T 3 SR R AUET 9 AT BT . R A AR

HE LA T R 43 2 S XU R IR ke R
TEZ WA SR b, 2R TR S () G
RRERAAWMALE . GDF L] DL X —HE &
K7 A F AN : GDF L Rl BAT WA~ DL b Y A
() 85 25 5 B 3N DL B VR S A3 5 o GVD T
PN TN S 5 i R S A e I 7 7 S e I A
FUZ AP 43 22 37 S 803, GVD 1 34 2 i TR
T B SF- 2
I M 26 25 0 B TOU R BR 1 101 5 A s 2 e
(PRI A X R BT — PR H P k.
K 1Ca) fr s AR BEAT PR 5 Py Py, DU e i B )
XPFRPE T AL, 0 EATRY I AR H Ak, TR %
B bR BT PR P A AN T (1 O IR
Mo ST PP 2 -4 7 Rk B 6 — I5 5 0 AN [6) T
[ea] 52 T IV 6180 7 S S0 3 , Ay ) o) g S A5
TE— RGBT 2 Sl 2 Bt 4. s 1(b)
iR ok E AN RLIR 05, P Py R % 15 B 7 JE 40 38 T i
S LS AR A L A
|P,S,|+ D(P,)=1|P,S,|+ D(P,) (1)
K, [P Sl J2BR R B s D(P) 2 O 5 5 04 D0 1 R
B (D E LT — 5L 5 WA A (R EE
Py Py R 22 [ BB B Y A0y Bal RPN B
Solo) HFR i ) 25 53 B0
ieD(P,)—D(P,)=k,P,,=a,P,,=b,P,,—
¢,Po,=d, (1) 7] LUE st 26 i wn ETE X
4(a—c—k)a—cth)2*+8(b—d)a—
xyt4(b—d—k)b—d+k)y +(—4a’+
da*c +(—40° + 4P+ A4dP+ 4R )a+ 4c(b*— F—
d*+E))x+((—4b+dd)a”— 46° + 4b°d +
(A +4d*+ 4R )0 —4d(+d*— k) y+a' +
(20— 2¢"—2d° — 2k )a* +(b*+ 20k — " — d* +
)b — 2bk— ¢ —d*+ k*)=0 (2)
X (2) I A RARER 50 A S5 90
PRAtTBr . [RIE, 33 i A 09 25 8] R 4 5 B Xy
o FME B R TS LA 7 AR T O LA Y
KT TE

2 FREKHWGVDEELERE X
2.1 EE#R

15 b T 4 R AT 2 A T8 R m AN RS AR
PERPL AKX, GVD B B EZRE N O(m ),

5

(a) P2 S

(b) Hi 1 77 5L
P10l A S B 55 T 1] AT S 0

Fig.1 Lateral Singular Loci and Front Singular Loci

— e o <, T AR A A K GVD Y
A H BRI . BRI — b R e DA —
A ST 3 LS R S AT K

B 04 A LR 8 58 B LB A 1
R4y . AU A 7 B AR I H o 3 o ]
A VB A ) A U A R D . B3 L
A A LB 1A IF] R 408 B A5 I 1 34 7 43 2%
e N3 b FF B T R AT A R R KL B E R T
32 A 405 58 6D 095 73 A R B

SCHk[ 12, 2315E W, ph S 28 %04 19 T 8
W VDL 9 S A 00 5T 11 1443 3 3 (B R 2778
CRHBT) . TR B IR 4 T AT DL
1B AU AR, B A L AR
WK R I GVD [ TR #
22 FREHPEFEREK

WD 28 T S A LR T M T L R
BIVAT 0057 1 (0 5 A 0 A L BT — AN A
FE AT S A B TR R (2) H
S5 XU 22, 350 4% WL 2254 B G VD T — 384

H 2 (2) K 7 3 U R T . e, ]
WRBT LA Sk 0 R T, B R BT AT 7 11 4
L SE A BN — R AR R LR AR
L T . T 1(b) R, U 2 i
20 B E FAR I R 1 B T — 396 43 Mt 2% o
TEN, BB S L. X UL S, L i S, 4
SoI, f5E B So T X SoL 4t
23 THHONTREK

R 2250 43 10 S BB R R IR O AR A K
fg 2 5 L6 DL [ B U 0 A L T M, 4
g2 TR, LB T A (R VB A U B

PG 171 2 [8) 38 B s [ 24 4

ENTTR= Dl iU R e o NP L N
PR AR T 0 ) A 5 A LB TR i 14 7
A AR T U 5 8 D s A 9 B £ 7 F AR TR
AR AT R ST S A2 U AT A Y AR A F



802 ROV S X SRR

2023 %5 H

T o A R it A8 A A SR AR A R 5
— 38 [ IR A R B — A B8 A AR
FEAEAT S0 Ui 38 w5 AR 3K AN FEAE 1 28 A ] B BE
B YR ST DU A RO i RS . B8R
I — VR 22 50T e B Y S 2 HEF (an CGAL)
(G

EEVE SR A, AT LB A AR K R A I
IR A TR A RS A Y AT A L
HOAFAE — R AC i, DB 25 30 A IR A i 2 A 00 o
AR S A A, B AR X R R IH O,
IR B Ah 4 B B9 GVD i i — 36 43 (i ] L
T
24 GVDHEZLEMREE

R A5 AR KRR B B A R0 i
2 SRR SRR B T, b S R s M g 4 XL
4R i 2 2 R 43, e 2% 50 AT A B i AR 2R A
TP A 0 bR o T B4R A R 4

SR ME — i A 2 e B A R R TR
ZMESCHk (12, 17 6 nf B8 H g X, 28 nT #E
WK GVD BRI T .

1) X fr A T R A A LR SR A SR LA
P55, LU IR S ID ARt B2 A & 24U
U WK Z H AR T A BAS

2) %t B br i R BRI i B — A TR PRAT A
W OX T A 6 0, H i A O A XU £
QTR LT 30 5 E F HEB b o R — A
15 4% A3 W00 36 28 s5, 5 @ X T — A A3 3500 9 58
JR A TR I TR A i R I 52 AR PR A
W AR RE O HEAT —RIE08 OK A &S
A BB R

3) LA A ID R A W A, i GVD & i
G5 o

HEGVD R ER CHEZE DT E 0K
56 GVD iy b A &, A< BT b DL — A~ BA A
PE R EAR SCk [12, 181 A4 38 9 2 72 |, 3hE 4 ik B A9
90 4y T4k 2R

Pl 2 JE 7R T — AN A X a7 B H B 1 b A 8L
M5y . R ABC LA 1740 e O, 2 %F
W EA A S (So S Sy S.y) BB AR I A, 2
GVD Wi 83 175 £ .

FISIER T AT A S ERMMML, 658
LR A8 B 25 5 S/ By B9 UM 28 45 47 — A58 45 1/
Ipo Tor/Tos BRI — R AE 1 AR N 1 B So B3,
A Loy R A R0 i 22 5 o 31X HL IO A B[] e 2 8 A
FET L, L gk 08 A P AE B AR i R BB g X

B()/Blo ﬁ&ﬁﬁ%ii)ﬁ Iy 4%%1%@%‘}\5\ Solﬁj"j
Brar s, A e H 3 Bl

C 29
g S, 25
” S
S
N
P 13, Sy

/-

7 B

K2 s A sl e 2 550 1R &

Fig.2 Conic Tessellation and Singularities on Edge of a

N

Target Facet

N

A / /] s
B3 ARG S 58 s ST S AT BT A S AR
Fig.3 Effective Near-End Intersection and Singular

Growth of Visibility Window

B4R TR L AR . AR H AR A A
R INARIR K & A 2 TR AR B AR TR TE
Jybert, EA 3L RIE SR B AR I TE
R, GVDILEE N H .

3 BERIESNA

3.1 EiExk 5HE

GVD 53 H i i WA A TF /R 5, 1 3¢
Mk 12 V4R HE T — AN s B 7 R0 S 6 A dle o 7E X
AL EE L, BbR A 20 L& A K A5 R
SCHRC12] 45 Xt b an i 5 s o TR SCk [ 12]
YT R 20 W58 6 5 AR SCOR — B {H 3 22 ] S —
Oy (TH S R &R A-4/B-5/C-13) . Kl 5(a)
FR R R ] AT SRk T Y R W I 1) AT S R TE G
S S

XFHC I 5(h) 5 5(c) AT LA H, A 3¢ H AR i
AR 445 RS ek [ 121 R 40 45 R — 3, X



%48 5 5 Y

BB pF A5 - B HO Y il L RS A Voronoi ] B 4% A ARV 803

IS
Vs .

(a) 11 L&

(b))% HAER L1 A 402>

(c) PR K GVDHEI

K4 FEnE
Fig.4 Flowchart of the Algorithm

() A KA RS

(b) A FERKLE R

(c) T} 20Kl 7345 2R 15 i A0

K5 SR Ecd B bRt i 20 b ryar s A K e
Fig.5 Singular Growth on Facet 20 of the Validation Data

T f A 45 SR W SR T A S AR K T ]
FEE
32 HEMESH

ms2.1 fr ik, T GVD B 458 Bk h
SRR (DAEHART b 19 22K BESCRIR
(2) i FH % F Ry 45 5 28 K OE #2459 2094y GVD 34
JEAEH R 5 B bR R, T SCHRE12, 25 )0 BE Y
A0 53 R GVD 2544 19 3l S 4R 55 (3) HR R
AR RE R LI RICGVD 454, AR R 2 B
W2 47 o

GVD 4 U 582 19 GDF WU 3k %
PIM & . A CHk[12,25-26]1 3 T 24 4 MMP
ST B E Ay 3 I A R s elcis i CH (im-
proved CH algorithm , ICH ) #3738 i 1 31§ T 4L
T, R N AF Il 530025 a8 i B i J|) 42
ZFE O(n”); $% 45 [ (saddle vertex graph,SVG)H.
HE Ay RO R AL R L g 2 T
T4 b AL PET-J7 85 9 5 = 1 GDF | fH 2 H i
A F ) FEREATS SR MMP 26 A i B vk . AR SCE
FNJFEE F UL IR IRAE GVD 2 A A L2
MM P 55k 1 A A7 S B 52

P ] R E Y AR 3 1 (1) MMP &
IR AR RD S b bR VA Ol =R 7 TR i |
T S FLUR A BE AT RIPE - S e Re , 58—
5 A B T R 0 R B AR AR AR (2) WUt & Ry SR
R it A2 B G RRT BE 90Ul 2k B0 i
FE A R 5 (3) BUM Zexd H bk i 7 #E 47 3l 18w 1Y
Y53, % §2.4 2B BR 3) (1 A R R oA KL (]
X GVD B #F Il G 72 52 K

A CAE Windows10/VCH 4+ 2019/17 8650U
CPU/8 GB RAM 338 H il I A= B 10 J7 = #f1 T
F B GVD, FER AN 3T 2 min.

3.3 Voronoi BT HERIZE

Voronoi B #5150 T B2 8 1E R LR S 50
AR 43 2 b BE G0 30 (Can Hh 36 R Y R A KB
SRR INIE B/ BT iR =N QIR IBUR) &) (B Ly oyl
B R AL R 2E mT AL AR A8 R
Voronoi [ H.70 1Y 1] B 1% 25 25 M 25 (0] 45 #4) Fl 25 (1]
A 2 A8 AN () J2 T 52 1) 43 AT g FH A 5 SR

e b2 43 B R e AR A [ O A A Je Ak —
AT 3 e il R A9 2 OF T Voronoi B AT
S TE R, R R G R e U] DA (] 1 2 5fk R R



804 R 22 BB )

2023 %5 H

fit . #1E Voronoi A B 2K F Delaunay = £f ¥ X
WA E Rl %, mE A QHul . BT
Delaunay = i fb 32 br I 02 %5 iy #2838 52 21 F 1
FEARAL T LA S — Fi DL RR [G BB 85 2R 2% 7 19 3 L)
Ak, T 15 E] 5 X Voronoi ] J& — iz o1 s 1B
Voronoi . ##% Voronoi Bl B 35 1 A & 2 7] LA
Yy, R — AR Y AR

DL 4 b i i B A% B9 (R AT 1092 /4> T s Al
19904~ =118 ) A B, 4% A8 [ 19 54> 8 6 4R
5/~ Voronoi B ; LA GVD 1y iy 1 1 Ry 3 04 , 46
1 GVD i 5% 1 L Delaunay — #1 % X} 48 9 1
TR 5 5% 1w AL M A% Voronoi B 1 il T T AL, DA
T35 M5 2% (root mean square error, RMSE ) 4l
F 1R,

%1 GVDE5IE{l Voronoi BT E ML E/m’
Tab.1 Comparison of Areas Between GVD and Approximated Voronoi Cells/m”

J5 ik LS 62 L3 g4 L ESTH) T AR RMSE

GVD pfi i 7379.99 7116.12 5463.38 6991.84 6 337.97 33289.30 —
GVDH# 5 743.07 5424.64 3348.78 5348.23 4 935.36 24 800.08 1713.53
Delaunay = £5 M % i 6479.36 5809.39 2918.87 6312.48 6 259.35 27 779.45 1375.57
Delaunay = £ [0 %) {5 5% 5772.80 5120.10 2744.92 5 584.25 5 578.00 24.800.07 1817.47
W% Voronoi &l 7407.72 7131.24 5447.30 6 980.24 6322.83 33289.31 18.00

MF 1 H Rl LAE H, Delaunay = £ W X8 &%
Delaunay = fff % X { # 52 19 B o0 10 B 22 20
A S (RMSE #0781 300 m* L ) X & oA B
AT Joi 0 2 R PG 8 ) 3 L 3 o . LW |, K
PR I 8 30T ) 5 50ty g SF AR TV oronoi BTG 1 AR
g/ B 1, A b $H AR YV oronod BT T Y
(4 e 2 3K 3] 19.85% , JL T ik 51 iy HHL B B2 46 2K
(34.23%)'Hy 2/3.

A fi op M A% Voronoi Bl B H B MY
RMSE, i% 3 22 K O 5 25 0(5) 3 /N F 1 7 4K
(1990) o X ihd B 0 50 158 22 22RO iy LR 9 8 i
924 M #% Voronoi B8 # & — NI, M
00 45 7 = S, WA Voronot B BT B A R AR
T R G (T B AR SRS 3 Y A5 A Ak
G AL 23 52w 2k AR I8 2 5 A [B] AR AL 1Y)
£
34 fRAHETIN

PL— 21 R FE 230 R Sk 2 GDF f GVD, I
GV D H.JT I X N7 (19 J2 2R A s 1 b B 3% 1 19 S0 422
28 XA, R LA EE TIN 19—~
PR 719 H4 T R B A i /N 4 32 s [ ) L 22 4 )
fiff eSS (R R R A3 ) 48 2R I SR AT Y A4S BT
SRR LR PERFE]) X 2 GVD B B .

S2I6 2 Kb 2 i 36 [ St Helens k1l 10 m 7K
o HER B DEM AR #f Sk /) TIN, HA7 17 2224
TH] Fr HT 8 800 AN A A o i FH 100 AN AH XF 345 11y
BEHL AR AR 158 GVD &L, & 6 f7 7 (T8
PLLT 8 di b M IR DA AR 4 ) L R 1 G VD il
LA (2 €5) 15 b A% I 1 = 35 an 181 6 (b) BT o

L GVD T 4878, 77 A GVD [ X {8

TIN, W 7Ca) fros CH @A) o AT B
7] FE 19 100 A~ 8 83 4 0, {1 2D (% Delaunay
Pkt TIN, g5 5 a1 7(b) s ClE A48 ™) o
&7 (b ) v oK 4 K ot 8T 55 1Y 7 b 1 B 2 B AR 7
A% 42 (1) Delaunay O£ 4k AT 68 A 735 & dc /D M e K
RS o3 15 T8 L i R BT G4 A [R]85 19 G VD
BT,

%
7y e

- ~

J
e -
a

i *
(a) HUEME M. P (L) (b) JAEBRKIGVDH M 5
FIGVD# ™ TIN

P16 SiB 2 (9B A% M IR AR GVD A% M)
Fig.6 TIN Grids, Source Points, and GVD Grids of

Experiment 2

fifi A ) %0 H (30,50 ,80) 1 U8 i 7= A= ¥ 2]
5R¥E 4340 GVD, # g H B _E A 2D Delau-
nay MW FERS 43 o S8 HARUE &K GVD B IS 12
HEUT I (9 1 32 25 [, 1 2D Delaunay 4b % %5
2 B LGS T8 25 [ 21 0 1

4 #& iF

AR SCAE 5 B R i 51 GDF F& Jg 2y



5548 B 5 W

BB pF A5 - B HO Y il L RS A Voronoi ] B 4% A ARV 805

(b) 2D Delaunay AL ETIN
(I b 1)

(a) GVDIXHBTIN
(SRR 35))

K7  GVD R 5% % 2D Delaunay = f {614
BAER Y
Fig.7 GVD Duals and the Potential Wrong

Triangulations of Traditional 2D Delaunay

St A KB 7 95 Ok VXV oronoi B A RS JE ) 8
S iV 9 QA iU o P A B N I e N
GVD i1 45 ¥ 3 8 % Voronoi Bl # 0> 1) 23 8] 1] 43
B B AR Bt Bt 5 22 0 WML A T R B 2 S i
GVD, G 1 FUAR BT G B2 538 U 240 23, B AR T
24 GVD XU 2 45 4 1 S 1k 5 B AR Bk
HW 547, PLGVD Rk, S8 kK BT Vo-
ronoi [&] Y H1 I T AR 22 15 B 4l 2 RS B2 45 %Y
o g, 4% 521 Delaunay /644 8 TIN 25 H 3E
AN S FF A foe /N A8 d KA IR A 9 AR O o X
KU GVD Al LG 807 I o3 b 19 14 22 10 A
o S il 1 Bl ik

TE B i T R T GVD Y H 98 48T 4
fE T O R AU S 2 A R R 2 T
—HHBTERAD TN E .

Z % X #

[1] Chen Jun, Zhao Renliang, Qiao Chaofei. Voronoi
Diagram-Based GIS Spatial Analysis[J]. Geomatics
and Information Science of Wuhan University,
2003, 28(S1): 32-37. (BRZE, W58, Fri) & &
T Voronoi BB GIS 25 [ 43 HriF o8 [T ], s K22
e (f5 AR L 2003, 28(S1): 32-37.)

[2] Guo Renzhong. Spatial Analysis [M]. Beijing:
Higher Education Press, 2001 (Z{~ & . 25 [i] 4> #F

(ML db5C: mAF20R HiRAt, 2001, )

[3] Zhao Xuesheng, Chen Jun, Wang Jinzhuang. QTM-
Based Algorithm for the Generating of Voronoi Dia-
gram for Spherical Objects[J]. Acta Geodaetica et

Cartographic Sinica, 2002, 31(2): 157-163. (2%

M, BRZE, E4 . 3T O-QTM W R Voronoi

P A Bk [T W 2 22 4R, 2002, 31(2) -

(4]

[10]

[11]

[12]

[13]

157-163.)

Hu H, Liu X, Hu P. Voronoi Diagram Generation
on the Ellipsoidal Earth[J]. Computers & Geosciences,
2014, 73: 81-87.

Okabe A. Spatial Tessellations: Concepts and Ap-
plications of Voronoi Diagrams [M]. Chichester:
Wiley, 2000.

Shi W Z, Pang M 'Y C. Development of Voronoi-
Based Cellular Automata: An Integrated Dynamic
Model for Geographical Information Systems [J].
International Jowrnal of Geographical Information
Science, 2000, 14(5): 455-474.

Hu Peng, Wang Haijun, Shao Chunli, et al. Poly-
gon Medial Axis Problem and the Algorithm [J].
Geomatics and Information Science of Wuhan Uni-
versity, 2005, 30(10) : 853-857. (¥ MG, T4,
AR, 5. W2 NIE A A R [T]. :BUR
AR BAFERD L 2005, 30(10) : 853-857.)
Adikusuma Y Y, Fang Z, He Y. Fast Construction
of Discrete Geodesic Graphs[J]. ACM Transactions
on Graphics, 2020, 39(2) : 14.

Zhao Junli, Xin Shiging, Liu Yongjin, et al. A
Survey on the Computing of Geodesic Distances on
Meshes|[J|. Scientia Sinica Informationis, 2015, 45
(3): 313-335. CGRMRAT, K, Xkik, %. K
MR 1y B O 2R (7], h E R . (5 B R
2015, 45(3): 313-335.)

Shen Jing, Liu Jiping, Lin Xiangguo, et al. A
Method for Delaunay Triangulation by Integration
of Distance Transformation and Region Adjacency
Graphics[J]. Geomatics and Information Science of
Wuhan University, 2012, 37(8): 1000-1003. (ik
ff s, XVALT, BRAE IR, 45 G2 R B R 4 A X AR
& 4% 18 A4 i Delaunay = A W 77 ik wF5¢ [T]. K
DU 22 4 (fF BRSO, 2012, 37(8) : 1000~
1003. )

Li Chengming, Chen Jun. Raster Based Method for
Voronoi Diagram [J]. Jowrnal of Wuhan Technical
University of Surveying and Mapping, 1998, 23
(3): 208-210. (%4, BR4:. Voronoi Kl A4 it i
WEAs Bk (0], a0 2 B 4 R 2 24 4l 1998, 23
(3): 208-210.)

Liu Y, Chen Z, Tang K. Construction of Iso-Con-
tours, Bisectors, and Voronoi Diagrams on Trian-
gulated Surfaces[J]. IEEE Transactions on Pattern
Analysis and Machine Intelligence, 2011, 33(8) :
1502-1517.

LiuY, Wang W, Lévy B, et al. On Centroidal Vo-

ronoi Tessellation: Energy Smoothness and Fast



806

DR 2 R (R

ISR Y

2023 %5 H

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[22]

[25]

Computation [J]. ACM Transactions on Graphics,
2009, 28(4):101.

Kimmel R, Sethian J A. Computing Geodesic Paths
on Manifolds [J]. Proceedings of the National
Academy of Sciences of the United States of Ameri-
ca, 1998, 95(15): 8431-8435.

Mitchell J S B, Mount D M, Papadimitriou C H.
The Discrete Geodesic Problem [J]. SIAM Jowrnal
on Computing, 1987, 16(4): 647-668.

Crane K, Weischedel C, Wardetzky M. Geodesics
in Heat: A New Approach to Computing Distance
Based on Heat Flow [J]. ACM Transactions on
Graphics, 2013, 32(5): 152.

Surazhsky V, Surazhsky T, Kirsanov D, et al. Fast
Exact and Approximate Geodesics on Meshes [J].
ACM Transactions on Graphics, 2005, 24 (3) :
553-560.

Herholz P, Haase F, Alexa M. Diffusion Dia-
grams: Voronoi Cells and Centroids from Diffusion
[J]. Computer Graphics Forum, 2017, 36 (2) :
163-175.

Moet E, van Kreveld M, van der Stappen A F. On
Realistic Terrains [J].
2008, 41(1/2): 48-67.
Aronov B, Berg M, Thite S. The Complexity of Bi~
sectors and Voronoi Diagrams on Realistic Terrains
[C]//The 16th Annual European Symposium, Karl-
sruhe, Germany, 2008.

Liu Y, Tang K. The Complexity of Geodesic Vo-
ronoi Diagrams on Triangulated 2-Manifold Surfaces
[J]. Information Processing Letters, 2013, 113(4):
132-136.

Liu Y, Goodchild M F, Guo Q, et al.
a General Field Model and Its Order in GIS [J].
International Journal of Geographical Information
Science, 2008, 22(6): 623-643.

Sharir M, Schorr A. On Shortest Paths in Polyhe-
dral Spaces [J].
1986, 15(1): 193-215.

Ying X, Wang X, He Y. Saddle Vertex Graph
(SVG) : A Novel Solution to the Discrete Geodesic
Problem [J]. ACM Transactions on
2013, 32(6):170.

Xu C, LiuY, Sun Q, et al. Polyline-Sourced Geo-
desic Voronoi Diagrams on Triangle Meshes [J].
Computer Graphics Forum, 2014, 33(7): 161-170.

Computational Geometry,

Towards

SIAM Journal on Computing,

Graphics,

[26]

[31]

[32]

[37]

Qin Y, Yu H, Zhang J. Fast and Memory—Efficient
Voronoi Diagram Construction on Triangle Meshes
[J]. Computer Graphics Forum, 2017, 36 (5) :
93-104.

Xin S, Wang G. Improving Chen and Han’s Algo-
rithm on the Discrete Geodesic Problem [J]. ACM
Transactions on Graphics, 2009, 28(4): 1-8.

Wang Jinfeng, Jiang Chengsheng, Li Lianfa, et al.
Spatial Sampling and Statistical Inference [M]. Bei-
jing: Science Press, 2009. (F £, £, 4%
L4 A AR S ge iR LM . db T B4 R
#1, 2009.)

Persson H J, Jonzén J, Nilsson M. Combining Tan-
DEM-X and Sentinel-2 for Large-Area Species—
Wise Prediction of Forest Biomass and Volume[J].
International Journal of Applied Earth Observation
and Geoinformation, 2021, 96: 102275.

Salekin S, Burgess J, Morgenroth J, et al. A Com-
parative Study of Three Non-Geostatistical Methods
for Optimising Digital Elevation Model Interpolation
[T]. ISPRS International Jowrnal of Geo=Informa-
tion, 2018, 7(8): 300.

Park S W, Linsen L, Kreylos O, et al. Discrete
Sibson Interpolation [J]. IEEE Transactions on Vi-
sualization and Computer Graphics, 2006, 12(2) :
243-253.

Dobesch H, Dumolard P, Dyras I. Spatial Interpola-
tion for Climate Data[M]. London, UK: ISTE,
2007.

Smith M W. Roughness in the Earth Sciences[J].
FEarth-Science Reviews, 2014, 136: 202-225.

Duan X, Li L, Zhu H, et al. A High-Fidelity Multi-
resolution Digital Elevation Model for Earth Systems
[J]. Geoscientific Model Development, 2017. 10
(1): 239-253.

Shakhnarovich G, Darrell T, Indyk P. Nearest-
Neighbor Methods in Learning and Vision [J].
IEEE Transactions on Neural Networks, 2008, 19
(2):377.

Dyn N, Levin D, Rippa S. Data Dependent Trian-
gulations for Piecewise Linear Interpolation [J].
IMA Journal of Numerical Analysis, 1990, 10(1) :
137-154.

LiuY, XuC, Fan D, et al. Efficient Construction
and Simplification of Delaunay Meshes [J]. ACM
Transactions on Graphics, 2015, 34(6): 174.



